This paper presents a simple method for performing elastic R-curve instability calculations. For a single material-structure combination, the calculations can be done on some pocket calculators. On microcomputers and larger, it enables the development of a comprehensive program having libraries of driving force equations for different configurations and R-curve model equations for different materials. The paper also presents several model equations for fitting to experimental R-curve data, both linear elastic and elastoplastic. The models are fit t o data from the literature to demonstrate their viability.
INTRODUCTION
The R-curve is one of the most powerful concepts available to the fracture analyst. It is probably the best phenomenological description of the monotonic fracture process currently available. But it has not received the acclaim and widespread use that it deserves. Perhaps the instability calculations are thought t o be too involved o r tedious. The literature contains very little information on instability calculations and nothing recent. Creager (ref. 1 ) presented a good graphical method. But it involves overlay transparencies, is labor-intensive, and may lack precision. In a predictive roundrobin program (ref. 2 1 , seven participants used the R-curve method. Only this author used anything more elaborate than trial-and-error t o perform the instabi l i ty calculations. 
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INSTABILITY CALCULATION METHOD
The method was p r e s e n t e d p r e v i o u s l y ( r e f . 3 > , b u t w i l l be r e p e a t e d here.
The i n s t a b i l i t y c o n d i t i o n r e q u i r e s t h a t b o t h t h e magnitudes and t h e slopes o f
t h e c r a c k d r i v i n g f o r c e ( G or K) curve and t h e m a t e r i a l r e s i s t a n c e c u r v e (GR) be equal a t t h e p o i n t o f i n s t a b i l i t y . So we must s o l v e two simultaneous equat i o n s . A f t e r w r i t i n g t h e e q u a t i o n s i n a general form and d o i n g a l i t t l e a l g eb r a , we can w r i t e t h e i n s t a b i l i t y c o n d i t i o n as where and a = (a/Y)(dY/da) For e l a s t i c R-curves A i s t h e e f f e c t i v e c r a c k e x t e n s i o n , a . i s t h e i n it i a l c r a c k l e n g t h , Y i s t h e s t r e s s i n t e n s i t y c a l i b r a t i o n f a c t o r , and t h e subs c r i p t ( c ) means " e v a l u a t e d a t t h e i n s t a b i l i t y p o i n t . " ( I f you p r e f e r t o work w i t h t h e s t r e s s i n t e n s i t y f a c t o r K, s u b s t i t u t e K / Z K ' for G I G ' . )
Now i f we p u t i n t h e expressions f o r GR, G i , and a then, for p r e s c r i b e d v a l u e s o f a , and specimen w i d t h W , A, i s t h e l e a s t p o s i t i v e root o f e q u a t i o n ( 1 ) . Any o f several numerical methods w i l l s o l v e for t h e root, even on a programmable hand c a l c u l a t o r . Once Ac i s known, we can c a l c u l a t e Gc and t h e f a i l u r e s t r e s s . The beauty o f t h i s e q u a t i o n i s t h a t t h e first t e r m on t h e r i g h t s i d e i s a f u n c t i o n o f t h e m a t e r i a l ' s R-curve o n l y and t h e second i s a f u n c t i o n o f t h e s t r u c t u r a l geometry o n l y . Equations f o r t h e second t e r m can be o b t a i n e d from s t a n d a r d handbooks and w i l l n o t be discussed here. Model R-curve e q u a t i o n s t o be used i n t h e f i r s t t e r m w i l l be discussed l a t e r .
The e f f e c t i v e n e s s of t h i s method i s shown i n appendix 1 1 o f ( r e f . 2). I n t h a t a n a l y t i c a l r o u n d -r o b i n program, good p r e d i c t i o n s o f f r a c t u r e s t r e n g t h s were made f o r b o t h simple and complex specimen geometries.
U n f o r t u n a t e l y t h i s simple method i s n o t a p p l i c a b l e t o e l a s t i c -p l a s t i c ( J R ) c a l c u l a t i o n s . As discussed i n S e c t i o n s ( 2 and 6) o f ( r e f . 4 ) , t h e problem i s much more complicated. M a t e r i a l p r o p e r t i e s a r e an i n t e g r a l p a r t o f t h e c a l c ul a t i o n o f t h e d r i v i n g f o r c e ( J ) , and t h e r e appears t o be no general way t o sepa r a t e them from t h e g e o m e t r i c a l t e r m s . However, t h e model e q u a t i o n s f o r JR curves t o be discussed l a t e r may s t i l l prove u s e f u l .
ELASTIC R-CURVE MODELS
To do these c a l c u l a t i o n s we need an e q u a t i o n f o r t h e R-curve.
While i t would be n i c e i f t h e e q u a t i o n had some p h y s i c a l s i g n i f i c a n c e , i t ' s n o t absol u t e l y necessary. U n t i l a good t h e o r e t i c a l a n a l y s i s i s a v a i l a b l e , a l l we need i s a continuous e q u a t i o n t h a t approximates r e a l i t y , i s r e a d i l y d i f f e r e n t i a b l e , and f i t s t h e d a t a . R-curve data. But t h e r e a r e s e v e r a l u s a b l e equations, so we have t o p i c k t h e one t h a t b e s t f i t s t h e p a r t i c u l a r data. L e t ' R ' be a g e n e r i c t e r m t o i n d ic a t e e i t h e r GR or KR.
A t p r e s e n t t h e r e i s no s i n g l e e q u a t i o n t h a t f i t s a l l Wang and McCabe ( r e f . 5) suggested f i t t i n g a polynomial t o d a t a i n t h e r e g i o n o f t h e R-curve where you expect i n s t a b i l i t y t o occur. d e s c r i b e t h e e n t i r e curve by a low-order (say, c u b i c ) s p l i n e f u n c t i o n . For e i t h e r case we have ( 2 ) ( n o t e : d i f f e r e n t p o l y n o m i a l c o e f f i c i e n t s a r e used for each s p l i n e segment.) Broek and V l i e g e r ( r e f . 6) suggested a power curve o f t h e form ~1 = AAB ( 3 ) where O<B<1. T h i s p a r t i c u l a r form works v e r y w e l l for t h e more d u c t i l e m a t e r ia l s such as 2000-series aluminums and some s t a i n l e s s s t e e l s . I t has two unique f e a t u r e s . The s l o p e i s i n f i n i t e a t A = 0, and t h e r e i s no asymptote. I n p h y s i c a l terms these i m p l y t h e r e i s no c r a c k e x t e n s i o n a t small l o a d s (which i s t e n a b l e ) and t h a t a m a t e r i a l ' s f r a c t u r e toughness i s l i m i t e d o n l y by t h e s i z e o f t h e specimen (which i s n o t ) . So i t may n o t be a good fundamental model, b u t i t ' s q u i t e good f o r curve f i t t i n g .
Lower-toughness m a t e r i a l s a r e u s u a l l y a s y m p t o t i c t o a p l a t e a u v a l u e ' o f toughness. Several models f i t t h i s d e s c r i p t i o n . Bluhm ( r e f . 7) proposed an e x p o n e n t i a l model, T h i s form has a f i n i t e slope a t A = 0 and i s asymptotic t o R; . A somewhat s i m i l a r model, which I w i l l c a l l t h e h y p e r b o l i c model, i s T h i s i s a c t u a l l y an i n v e r t e d and transposed r e c t a n g u l a r hyperbola. L i k e t h e e x p o n e n t i a l model i t has a f i n i t e s l o p e a t A = 0 and i s asymptotic t o R3.
Trigonometry suggests two a d d i t i o n a l asymptotic forms. They a r e t h e arctarigent f u n c t i o n
and t h e h y p e r b o l i c tangent R5 = RE tanh(A/H)
The power model, e q u a t
i o n ( 3 ) , i s simple enough t h a t an i l l u s t r a t i o n i s n o t r e q u i r e d . The f o u r a s y m p t o t i c models, e q u a t i o n s ( 4 ) t o (7>, a r e shown s c h e m a t i c a l l y i n f i g u r e l ( a ) . The first e m p i r i c a l c o e f f i c i e n t ( t h e asymptote) i s t h e ' p l a t e a u v a l u e ' of f r a c t u r e toughness, t h e second i s a c h a r a c t e r i s t i c value o f c r a c k e x t e n s i o n . Note t h a t i n a l l cases t h e i n i t i a l slope i s equal1 t o t h e first e m p i r i c a l c o e f f i c i e n t d i v i d e d by t h e second. T h a t ' s why t h e second c o e f f i c i e n t was p l a c e d i n t h e denominator o f t h e arguments i n e q u a t i o n s
(41, (6>, and ( 7 ) r a t h e r t h a n i n t h e numerator. Note a l s o t h a t e q u a t i o n s ( 4 ) t o ( 7 ) a r e l i n e a r i n t h e first c o e f f i c i e n t and n o n l i n e a r i n t h e second. M o s t n o n l i n e a r r e g r e s s i o n r o u t i n e s r e q u i r e i n i t i a l e s t i m a t e s o f t h e c o e f f i c i e n t s . These e s t i m a t e s can e a s i l y be made from a p l o t of t h e raw d a t a u s i n g f i gu r e l ( a > as a g u i d e l i n e . Furthermore, t h e f i t t e d c o e f f i c i e n t s can e a s i l y be converted from one system of u n i t s t o another.
F i g u r e ( l b ) shows t h e a s y m p t o t i c models, a l l w i t h t h e same asymptote and i n i t i a l s l o p e . This h e l p s t o show t h e i n h e r e n t c h a r a c t e r i s t i c s o f each.
The h y p e r b o l i c tangent model ( c u r v e A ) has t h e sharpest "knee," r i s i n g q u i c k l y t o approach t h e asymptote. The knee o f t h e e x p o n e n t i a l ( B > i s n o t as sharp b u t t h e curve s t i l l approaches t h e asymptote f a i r l y q u i c k l y . The a r c t a n g e n t model (C) r i s e s q u i c k l y a t first b u t t h e n more s l o w l y . The h y p e r b o l i c model (D) has t h e slowest approach of a l l . k e p t i n mind when a t t e m p t i n g t o f i t them t o d a t a .
The c h a r a c t e r i s t i c s of these models should be The low-order polynomial (or s p l i n e ) , e q u a t i o n (21, m i g h t w e l l be t h e most a c c u r a t e way t o f i t a s i n g l e R-curve. must store t h e polynomial c o e f f i c i e n t s for each s p l i n e segment as w e l l as t h e l o c a t i o n o f t h e k n o t s . c o u l d be a problem. The o t h e r R-curve models, however, o n l y r e q u i r e t h a t we store two constants and one e q u a t i o n code f o r each t h i c k n e s s and temperature. I n t e r p o l a t i o n f o r t h i c k n e s s o r temperature should be much s i m p l e r . ( 1 1 )
These f o u r models a r e shown s c h e m a t i c a l l y i n f i g u r e 2. i s a r e f e r e n c e toughness v a l u e , s i m i l a r t o
Here t h e first JIc. c o e f f i c i e n t R; c o e f f i c i e n t , T, i s analogous t o t k e t e a r i n g modulus. d (L, M, N, or P ) . On f i r s t thought, p r e s c r i b i n g t h e flow s t r e s s appears a t t r a c t i v e . However, we s t i l l r e a l l y have t h r e e parameters i n t h e e q u a t i o n . We a r e m e r e l y f i x i n g one o f them. I n m u l t i p a r a m e t e r curve f i t t i n g , t h i s can sometimes r e s u l t i n poor f i t s . Remember, too, t h a t t h e flow s t r e s s i s n o t r e a d i l y measured and i s o n l y d e f i n e d by custom. f i c i e n t s o f these e l a s t i c -p l a s t i c equations can a l s o be e s t i m a t e d from a p l o t o f t h e raw d a t a (see f i g . 2) and r e a d i l y c o n v e r t e d from one system o f u n i t s t o another.
Using f i
g u r e 2 as a g u i d e l i n e , a l l t h r e e c o e f f i c i e n t s can be e s t i m a t e d from a p l o t o f t h e raw d a t a . However, t h e c o n s t r u c t i o n i s a b i t more e l a b o r a t e t h a n f o r e l a s t i c R-curves. v e r t e d from one system o f u n i t s t o a n o t h e r . The second The i n i t i a l slope i s A s before, t h e f i t t e d c o e f f i c i e n t s may e a s i l y be con-A t t h i s p o i n t we have a choice. We can p r e s c r i b e t h e i n i t i a l s l o p e as t w i c e t t e flow s t r e s s , which i s a customary assumption. t e r
But b o t h approaches a r e worthy of i n v e s t i g a t i o n . The coef-APPLICATIONS TO DATA To use t h i s method and these models, we must first o b t a i n t h e model equat i o n c o e f f i c i e n t s by f i t t i n g t o experimental data. T h i s can be done by n o n l i near r e g r e s s i o n a n a l y s i s . The d a t a t o follow were a l l f i t t e d u s i n g t h e program MARQFIT ( r e f . 8) on a microcomputer. I f t h e d a t a used were n o t a v a i l a b l e i n t a b u l a r form, p u b l i s h e d f i g u r e s were e n l a r g e d x e r o g r a p h i c a l l y and d i g i t i z e d . F i t t e d values of t h e c o e f f i c i e n t s f o r t h e d a t a s e t s p r e s e n t e d here a r e g i v e n i n t a b l e s I and 11. I n t h e d i s c u s s i o n t o follow, t h e models o f e q u a t i o n s ( 8 ) t o ( 1 1 ) w i l l be r e f e r r e d t o as ' m o d i f i e d ' models and those o f e q u a t i o n s (8a) t o ( l l a ) as ' s p e c i a l ' models. E l a s t i c R-curves F i g u r e 3 shows t h e power model, e q u a t i o n ( 3 1 , f i t t o d a t a for 2014-T6 a l uminum c e n t e r -c r a c k specimens t e s t e d a t 77 K ( r e f . 9). F i g u r e 4 shows t h e expon e n t i a l model, e q u a t i o n ( 4 ) , f i t to d a t a for 7475-T761 aluminum CLWL specimens ( r e f . 5). F i g u r e 5 shows t h e h y p e r b o l i c model, e q u a t i o n (51, f i t t o d a t a f o r
7075-T651 aluminum CLWL specimens ( r e f . 2 ) . F i g u r e 6 shows t h e a r c t a n g e n t model, e q u a t i o n ( 6 ) , f i t t o d a t a f o r 2024-T3 aluminum CLWL specimens ( r e f . 5).
(Tabular d a t a f o r f i g u r e s 4 and 6 were o b t a i n e d by p r i v a t e communication from t h e second a u t h o r . ) F i g u r e 7 shows t h e h y p e r b o l i c t a n g e n t model, e q u a t i o n ( 7 ) , f i t t o t h e same d a t a as f i g u r e 4.
These f i g u r e s a l l show good f i t s , b u t these a r e n o t n e c e s s a r i l y t h e b e s t f i t s t h a t c o u l d be o b t a i n e d . A l l p o s s i b l e combinations o f model equations and d a t a s e t s cannot be shown f o r space reasons. sented were s e l e c t e d t o show t h a t each model i s a v i a b l e one. That i s , t h e r e i s a t l e a s t one d a t a s e t t h a t each model can d e s c r i b e w e l l .
The combinations t h a t a r e pre-
E l a s t i c-P1 a s t i c R-curves
The f o l l o w i n g f i g u r e s were developed u s i n g e q u a t i o n s (8) t o ( 1 1 ) as g i v e n . That i s , t h e i n i t i a l slope (flow s t r e s s ) was considered a t h i r d f i tt i n g parameter. F i g u r e 8 shows t h e modified e x p o n e n t i a l model, e q u a t i o n (81, f i t t o d a t a f o r A106C s t e e l compact specimens a t 135 "C ( r e f . 10). F i g u r e 9 shows t h e m o d i f i e d h y p e r b o l i c model, e q u a t i o n (91, f i t t o d a t a f o r 2024-T351 CLWL specimens ( r e f . 2 ) . F i g u r e 10 shows t h e m o d i f i e d a r c t a n g e n t model, equat i o n ( l o ) , f i t t o d a t a f o r A5338 s t e e l compact specimens a t 149 "C ( r e f . 1 1 ) .
F i g u r e 1 1 shows t h e m o d i f i e d h y p e r b o l i c t a n g e n t model, e q u a t i o n ( 1 1 ) . f i t t o d a t a f o r A106B s t e e l compact specimens ( r e f . 1 2 ) . Again t h e f i g u r e s presented were chosen t o show t h a t each model i s a v i a b l e one. E l a s t i c -P l a s t i c R-curves (flow s t r e s s p r e s c r i b e d )
F i g u r e s 12 t o 15 were developed u s i n g e q u a t i o n s (8a) t o ( l l a ) . The flow s t r e s s was taken as t h e mean o f t h e r e p o r t e d y i e l d and u l t i m a t e s t r e n g t h s . F i g u r e 12 shows t h e s p e c i a l e x p o n e n t i a l model, e q u a t i o n (8a), f i t t o t h e same d a t a as f i g u r e 7 . F i g u r e 13 shows t h e s p e c i a l h y p e r b o l i c model f i t t o d a t a f o r 5456-H117 aluminum compact specimens ( r e f . 13). F i g u r e 14 shows t h e spec i a l a r c t a n g e n t model f i t t o t h e same d a t a as f i g u r e 9. F i g u r e 15 shows t h e s p e c i a l h y p e r b o l i c t a n g e n t model f i t t o t h e same d a t a as f i g u r e 10.
DISCUSSION
A l l p o s s i b l e combinations o f model equations and d a t a s e t s cannot be shown f o r space reasons. The combinations t h a t a r e presented were chosen t o show t h a t each model i s a v i a b l e one. And indeed, each model i s a good f i t t o a t l e a s t one d a t a s e t .
For e l a s t i c R-curves, t h e eye i s u s u a l l y a b l e t o judge whether a power model or an a s y m p t o t i c model i s a p p r o p r i a t e . B u t t h e r e i s no obvious way t o p r e d i c t which a s y m p t o t i c model w i l l be t h e b e s t f i t . For t h e e l a s t i c -p l a s t i c case, t h e r e a l s o i s no way t o t e l l i n advance whether t h e flow s t r e s s can be s p e c i f i e d or whether i t should be a parameter t o be f i t t e d . t h e 6 s e t s o f JR data, t h e b e s t f i t o v e r a l l was o b t a i n e d when t h e i n i t i a l slope (flow s t r e s s ) was f i t t e d r a t h e r than p r e s c r i b e d .
However, f o r 4 o f CONCLUSIONS I n summary, t h e i n s t a b i l i t y c a l c u l a t i o n method i s s i m p l e and e f f e c t i v e . The R-curve model e q u a t i o n s presented h e r e a r e a l l v i a b l e , and a t l e a s t one o f them s h o u l d f i t almost any d a t a . The e m p i r i c a l c o e f f i c i e n t s a r e e a s i l y e s t imated from a p l o t o f t h e raw d a t a and c o n v e r t e d from one system o f u n i t s t o a n o t h e r . I n combination, t h e method and t h e models make p o w e r f u l tools f o r f r a c t u r e a n a l y s i s . V a s s i l a r o s , M.G., Hays, R. A., and Gudas, J.P., i n F r a c t u r e Mechanics:
12.
Seventeenth Volume, ASTM STP-905, J.H. Underwood, R. C h a i t , C.W. Smith, D.P. Wilhem, W.A. Andrews, and J.C. Newman, Eds., American S o c i e t y for T e s t i n g and M a t e r i a l s , P h i l a d e l p h i a , PA, 1986, pp. 435-453 . (7)). 
Abstract
This paper presents a simple method for performing elastic R-curve instability calculations. For a single material-structure combination, the calculations can be done on some pocket calculators. the development of a comprehensive program having libraries of driving force equations for different configurations and R-curve model equations for different materials. The paper also presents several model equations for fitting to experimental R-curve data, both linear elastic and elastoplastic. The models are fit to data from the literature to demonstrate their viability.
On microcomputers and larger, it enables
